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APPLICATION OF NATURE-INSPIRED KNOWLEDGE MINING 
ALGORITHMS TO EMERGENT BEHAVIOUR DISCOVERY IN 
ECONOMIC MODELS   
 
 
Abstracts: Economic models exhibit a multiplicity of behaviour characteristics that are 
nonlinear and time-varying. ‘Emergent’ behaviour appears when reduced order models of 
differing characteristics are combined to give rise to new behaviour dynamics. In this chapter 
we apply the algorithms and methodologies developed for nature-inspired intelligent systems 
to develop models for economic systems. Hybrid recurrent nets are proposed to deal with 
knowledge discovery from given trajectories of behaviour patterns. Each trajectory is 
subjected to a knowledge mining process to determine its behaviour parameters. The 
knowledge mining architecture consists of an extensible recurrent hybrid net hierarchy of 
multi-agents where the composite behaviour of agents at any one level is determined by those 
of the level immediately below. Results are obtained using simulation to demonstrate the 
quality of the algorithms in dealing with the range of difficulties inherent in the problem. 
 
Keywords: knowledge acquisition, economic models, data mining.  
 
INTRODUCTION  
Recurrent inference networks are introduced to represent knowledge bases that model 
dynamic intelligent systems. Through a differential abduction process, the causal parameters 
of the system behaviour are determined from measurements of its output to represent the 
knowledge embedded within (Al-Dabass et al, 2001). The use of dynamical knowledge 
mining processes ensures that knowledge evolution is tracked continuously (Al-Dabass et al, 
2002-a). Meta-knowledge, defined in terms of the causal parameters of the evolution pattern 
of this first level knowledge, is further determined by the deployment of second level 
dynamical processes (Bailey et al, 1996). In data mining applications, for example, there is a 
need to determine the causes of particular behaviour patterns. Other applications include 
cyclic tendencies in stock values and sales figures in business and commerce, changes in 
patient recovery characteristics, and predicting motion instabilities in complex engineering 
structures  (Al-Dabass et al, 2002-c). Full mathematical derivation is given together with 
simulations and examples to illustrate the techniques involved. 
 
Knowledge Models: To understand and control the behaviour of economic systems, models 
that represent the knowledge embedded within these systems are formulated and used to 
acquire this knowledge from measurements. In data mining applications, for example, there is 
a need to determine the causes of particular behaviour patterns. Applications include cyclic 
tendencies in stock sales figures in business and commerce, sudden movements in share 
indices changes and, in no economic areas, patient recovery characteristics and predicting 
motion instabilities in complex engineering structures.  
 
Hybrid Inference Networks: To represent the knowledge embedded within intelligent 
systems, a multilevel structure is put forward. By it's very nature this knowledge is 
continually changing and need dynamic paradigms to represent and acquire its parameters 
from observed data. In a normal inference network the cause and effect relationship is static 
and the effect can be easily worked out through a deduction process by considering all the 
causes through a step-by-step procedure which works through all the levels of the network to 
arrive at the final effect. However, reasoning in the reverse direction, such as that used in 
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diagnosis, starts with observing the effect and working back through the nodes of the network 
to determine the causes. 
 
Knowledge Mining for Stock Market Models: Work in this chapter extends these ideas of 
recurrent or dynamical systems networks to economic models where some or all the data 
within the knowledge base is time varying. The effect is now a time dependent behaviour 
pattern, which is used as an input to a differential process to determine knowledge about the 
system in terms of time varying causal parameters. These causal parameters will themselves 
embody knowledge (meta knowledge) which is obtained through a second level process to 
yield 2nd level causal parameters. These processes consist of a differential part to estimate the 
higher time derivative knowledge, followed by a non-linear algebraic part to compute the 
causal parameters.  
 

ECONOMIC SYSTEM MODELLING AND SIMULATION USING HYBRID 
RECURRENT NETWORKS 
 
Numerous economic systems in practice exhibit complex behaviour that cannot be easily 
modelled using simple nets  (Berndt & Clifford, 1996). In this part we re-cast this problem in 
terms of hybrid recurrent nets, which consist of combinations of static nodes, either logical or 
arithmetic, and recurrent nodes. The behaviour of a typical recurrent node is modelled as a 
second order dynamical system. The causal parameters of such a recurrent node may 
themselves exhibit temporal tendencies that can be modelled in terms of further recurrent 
nodes. Layers of recurrent nodes are added until a complete account of the behaviour of the 
system has been achieved (Al-Dabass et al, 2002-b). Algorithms are given to estimate the 
values of the parameters of these models from behaviour trajectories of intelligent systems. 
One novel aspect of the work lies in having a simple hierarchical 6th order linear model to 
represent a fairly complicated behaviour encountered in numerous real examples in finance, 
biology and engineering.  
 
Hybrid Recurrent Network Models 
 
Many physical, economical and biological phenomena exhibit temporal behaviour even when 
the input 'causal' parameters are constant, Figure 1.  
 
To model this oscillatory behaviour a second order integral hybrid model is proposed, shown 
in Figure 2. This model is based on the well known second order dynamical system which has 
the following form: 
 
ω−2 x'' + 2. ζ.ω−1.x' + x = u        (1) 
 
Where x is the output of the node and ω, ζ and u are the natural frequency, damping ratio and 
input respectively, which represent the 3 causal parameters that form the input. To configure 
this differential model as a recurrent network, a twin integral elements are used to form a 
hybrid integral-recurrent net as shown in Figure 2.  
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Figure 1. A Recurrent Node (R-N) 
exhibits a temporal behaviour at the 
output despite having constant causal 
parameters. 

 
Figure 2. Hybrid integral-recurrent net to model the 
temporal behaviour of the node in Fig. 1 

 

Structure of the Hybrid Integral-Recurrent Net 
The net shown in Figure 2 is a direct representation of equation-1 and can be derived as 
follows: 
 

i) By multiplying both sides by ω2 we get: 
 

x” +   2. ζ.ω.x' = ω2.(u – x)       (1-A) 
 
OR 
 
x” = ω2.(u – x) -   2. ζ.ω.x'       (1-B) 

 
ii) The output of the net x is fed back to the first subtraction node on the left; as the 

input from the left of this node is u  the output is (u – x). 
iii) The middle input (to the whole net) from the left is ω; it is fed as 2 separate inputs 

to the multiplication node x to form ω2 at its output, shown with an up arrow 
feeding as the lower input of the multiplier node above it, which is the second 
node from the left in the top chain of nodes. 

iv) The output of this multiplier node is therefore ω2.(u – x), i.e. the RHS of equ. 1-A. 
v) The bottom input from the left (to the whole net) is ζ which is fed as the lower 

input to the first of the two multipliers in the bottom chain of 2 nodes,- as the top 
input to this node is ω the output is  ζ.ω. which is multiplied by 2 in the 2nd node 
in the chain to produce 2. ζ.ω.  

vi) The last node on the right in the top long node chain is an integrator node that 
generates x as stated in ii) above. As it is an integrator node, the input to it must 
therefore be the derivative of x, i.e. x’. This is multiplied by the output of the right 
node in the bottom 2-node chain (which is 2. ζ.ω) to produce 2. ζ.ω. x’ , which is 
the 2nd term in the LHS of equ. 2-1-A or the 2nd term on the RHS of equ. 2-1-B. 

vii) By subtracting this output from the output of the middle node in the top row, we 
get the full RHS of equ. 1-B, i.e. ω2.(u – x) -   2. ζ.ω.x'. 

viii) As the output of the second integrator from the right (in the top chain) is the first 
derivative of x, x’, the input to this integrator node must be x’’, i.e. the LHS of 
equ. 1-B. 



 5

ix) Simply connecting the output of the middle node of the top chain (which is ω2.(u – 
x) -   2. ζ.ω.x') into the input of the 2nd integrator from the right (x’’) will just 
complete the equation.       

 
 
Models of Hierarchical Recurrent Nodes 
 
The output trajectory of the system may be more complex than can be represented by a simple 
second order differential model. In this case each causal parameter may itself be modelled as 
having a dynamical behaviour, which may or may not be oscillatory. One such case is where 
two of the 3 causal parameters have 2nd order dynamical characteristics, as shown in Figure 3. 
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Figure 3. Two of the causal parameters of the final node have temporal behaviour 
modelled as 2nd order hybrid integral recurrent nets. 

 
The 2nd order model of a node in a given layer in the hierarchy is given by equation 1 above. 
Starting with the final, output, node let both u and omega have their own 2nd order dynamics. 
The input u is the output of the following 2nd order system: 
ωu

−2 u'' + 2. ζu . ωu
−1.u' + u = uu       (2) 

The natural frequency ω is the output of the following 2nd order system: 
ωω

−2 ω'' + 2. ζω . ωω
−1.ω' + ω = uω       (3) 

Thus the behaviour trajectory is generated by the following 6th order vector differential 
equation (using Runge Kutta in Mathcad for this example). 
 
First Order Vector Form: To provide a simulation output of the node trajectory, the 2nd order 
equation is converted to a 2st order vector differential equation that can be easily computed. 
 
x1 = x, and x2 = x’ 
. 
. 
.   
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Figure 4. The derivative vector for generating the 
economic system output using subsystems for u and 
omega. 

Figure 5. Simulated trajectory of a hierarchical 
recurrent node (oscillatory trace), with 2 variable 
inputs: u (upper trace) and omega (lower  trace) 

 
In Figure 4, x1 and x2 represent x and x', x3 and x4 represent u and u', and x5 and x6 
represent ω and ω' respectively. To generate the trajectory shown in Figure 5, the following 
values were used: for the u subsystem, u started from 0 aiming at uu =1 at a rate of  ωu = 5 
rad/s with ζu = 0.3. For the ω subsystem, ω started from 4 rad/s aiming at uω = 32 rad/s at a 
rate of ωω = 4 rad/s with ζω = 0.1. Figure 5 shows the resulting compound trajectory of x 
(oscillatory trace), together with the trajectories for u (upper trace) and ω (lower trace). 
 
 
DERIVATIVE ESTIMATION USING RECURRENT NETWORKs  
 
Based on models that describe the behaviour of complex natural and physical systems, a 
number of explicit static algorithms are developed to estimate the parameters of recurrent 
second order models that approximate the behaviour of these complex higher order systems  
(Ren et al, 1996) (Bovet & Crescenzi, 1994). These algorithms rely on the availability of the 
time derivatives of the trajectory. In this section a cascaded recurrent network architecture is 
proposed to 'abduct' these derivatives in successive stages (Cant et al, 2001). The technique is 
tested successfully on parameter tracking algorithms ranging from the constant parameter 
algorithm that only requires derivatives up to order 4 to an algorithm that tracks two variable 
parameters and requires up to the 8th time derivatives.     
 
Algorithm for Constant Parameters from Single Point Data 
 
Consider using the 1st to 4th time derivatives at a single point. Given the second order system: 
 

ω−2 x'' + 2. ζ.ω−1.x' + x = u       (4) 
 
Differentiate with respect to t: 
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ω−2 x''' + 2. ζ.ω−1.x'' + x' = 0       (5) 
 
 divide by x'': 
 

ω−2 x'''/ x'' + 2. ζ.ω−1 + x'/ x'' = 0      (6) 
 
and differentiate with respect to t again to give: 
 
ω-2.[(x''. x'''' - x'''2) / x''2] + 0 + [(x''2 – x'. x''') / x''2] =0    (7) 
 
Expressions for estimated ω, estimated ζ, using (5), and estimated u result as follows: 
 
Εω2 = [x''. x'''' - x'''2] / [x'. x''' - x''2]       (8) 
 
Εζ = -[Eω−2 x''' + x'] / [2. Eω−1.x'']       (9) 
 
Eu = Eω−2. x'' + 2. Εζ. Eω−1 . x' + x       (10) 
 
 
High Order Algorithms 
 
Assume that the first and higher time derivative of u to be non zero. For simplicity assume 
that both a and b (the coefficients of x'' and x' to make symbol manipulation easier) to be 
constant and hence disappear on first differentiation. The extra information needed for u', u'', 
u''' and u'''' to be non zero is extracted from the 5th, 6th, 7th and 8th time derivatives of the 
trajectory. Only the case for the u' is shown here, the others for u'' etc are simple extensions of 
the idea and are left as an exercise for the reader.  
 

a.x'' + b.x' + x = u        (11) 
 
Differentiate wrt to t and assume u' is non zero to give: 
 

a.x''' + b.x'' + x' = u'        (12) 
 
Differentiate again and set u'' = 0 gives: 
 

a.x'''' + b.x''' + x'' = 0        (13)    
 

Divide Equation 11 by x''' to isolate b:  
 
 a.x''''/x''' + b + x''/x''' = 0       (14) 
 
Differentiate again to eliminate b: 
 
a.(x'''''.x'' - x''''2 )/x'''2   +  (x'''2  -  x'' . x'''')/x'''2  = 0     (15) 
 
Re-arranging for a gives: 
 
E(a) = (x'' . x'''' - x'''2 )/(x''''' . x''' - x''''2 )      (16) 
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Solve for b by substituting a from equ. 16 into equ. 14: 
 
E(b) = -x''/x''' - a.x''''/x''' 
 
which after substituting for a and manipulating gives: 
 
E(b) = (x''.x''''' - x'''.x'''')/(x'''''2  - x''' . x''''')      (17) 
 
We can now substitute these values for a and b into Equation 1to solve for u, 
 
u = a.x'' + b.x' + x 
 
 
A Recurrent Architecture to Estimate Time Derivatives 
 
The structure of each cell of the recurrent network is shown in Figure 6. The output of each 
cell feeds the input to the next one to generate the next higher order time derivative, see 
Figure 7. The output of the system and the cascade of 1st order recurrent network filters are 
simulated using the 4th order Runge-Kutta method in Mathcad. The derivatives vector is 
shown in Figure 8. Figure 9 shows a typical set of derivatives estimated from a damped 
oscillatory trajectory.  
 
 

 

 
Figure 6: A single stage recurrent sub-net 
using an integrator in the feedback path to 
estimate the derivative x' = w(x-E(x)); the 
net is a low pass filter with a cut off 
frequency w.  
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Figure 7: A 2nd order recurrent 

network to estimate 1st and 2nd time 
derivatives. 
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Figure 8: A cascade of 5 recurrent cells plus the 2nd order 
trajectory model. 

 

 
Figure 9: A typical set of time derivatives 

estimated from the trajectory of an 
oscillatory 2nd order dynamical system 

 
 
Results and Discussion 
 
First Algorithm using Constant Parameters: This algorithm uses a single time point and 
four higher order time derivatives. The filter cascade provide a continuous estimate of the 1st 
to 4th time derivative x’, x’’, x’’’ and  x''''. This provides a continuous estimate of all 
parameters at each point on the trajectory. The result of the estimation are given in Figure 10; 
which shows fast and accurate convergence.  
 

 

 
 

      Figure 10: Estimated constant omega, zeta and u 
 

 
Discussion: Estimated values for constants parameters are very close to the desired set values. 
The derived algorithms estimate ω, ζ and u for a good range of values: ω from  1 to10, ζ  
between  +/- (0.01 to 1), and u between +/- (0.5-40), and give accurate estimates. Estimation 
errors decreased as ω  increased, particularly for small ζ (less than 0.5): where oscillation 
provided wide variation in the variables to decrease errors. The differences between the 
(simulated) system time derivatives (x, x' and x'') and their estimates from the filter cascade 
depended on G (the cut-off frequency): high G provided more accurate estimation of 
derivatives but made the algorithms prone to noise and vice versa. Another disadvantage of 
high G from the simulation point of view is that simulation time increases considerably due to 
the integration routine adapting to ever smaller steps. The algorithm provides fast 
convergence. 
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Results For The Higher Order Algorithm: Mathcad routines are set up to generate the input 
u as second order system with its own parameters of natural frequency, damping ratio and 
input. The input subsystem damping ratio was set to 0.05 to generate an oscillatory behaviour 
for long enough to test the parameter tracking algorithm thoroughly. The frequency of the 
input is set to 16 radians per second, one quarter of the frequency of the data natural 
frequency. The derivative generation cascade is increased by one to produce the fifth time 
derivative. The results are shown in Figure 11 below. 
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Figure 11: Results of the high order algorithm 
 
Figure 12: Results of the high order algorithm for 
one second integration time. 

 
 
The actual input is the smooth trace, which gives approximately one and one quarter cycles 
over a period of half a second as expected, i.e. 16 radians/s = 2.546 Hertz. The large jagged 
trace shows the results from the previous constant u derivation algorithm which is failing 
completely to track the input parameter. The 3rd trace shows the result of the new algorithm, 
which is managing to track the input much more closely; however it start to diverge slightly 
near the peak of the cycle but then returns to track it well right down and round the lower 
trough of the input trajectory. 
 
To check the quality of tracking as time progresses, a second set of results, Figure 12, is 
obtained with integration time extended to one second to give two and a half cycles. It is clear 
that tracking remain stable. It is interesting to note that the old algorithm while completely 
failing to track the upper half of the input trajectory it seems to track it well during the its 
lower half but not as well as the new algorithm. 
 
 
KNOWLEDGE MINING IN HYBRID INFERENCE NETS 
 
Deduction and Abduction in Inference Networks. To engineer a knowledge base to represent 
economic systems, a multilevel structure is needed. By it's very nature the knowledge 
embedded within these systems is continually changing and need dynamic paradigms to 
represent and acquire their parameters from observed data. In a normal inference network the 
cause and effect relationship is static and the effect can be easily worked out through a 
deduction process by considering all the causes through a step-by-step procedure which works 
through all the levels of the network to arrive at the final effect. On the other hand, reasoning 
in the reverse direction, such as that used in diagnosis, starts with observing the effect and 
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working back through the nodes of the network to determine the causes; this is termed 
knowledge mining. 
 
Dynamical Knowledge Mining Processes. These ideas are applied here to recurrent or 
dynamical systems networks where some or all of the data within the knowledge base is time 
varying. The effect is now a time dependent behaviour pattern, which is used as an input to a 
differential abduction process to determine the knowledge about the system in terms of time 
varying causal parameters. These causal parameters will themselves embody knowledge 
(meta knowledge) which is obtained through a second level mining process to yield 2nd level 
causal parameters. These mining processes consist of a differential part to estimate the higher 
time derivative knowledge, followed by a non-linear algebraic part to compute the causal 
parameters. 
 
Hierarchical Causal Parameters with Temporal Behaviour 
The output trajectory of the system may be more complex than can be represented by a simple 
second order differential model. In this case each causal parameter is itself modelled as 
having a dynamical behaviour, which may or may not be oscillatory. One such case is where 
two of the 3 causal parameters have 2nd order dynamical characteristics, as was shown in 
Figure 3. 
 
Knowledge Mining Algorithms 
 
Several explicit algorithms for the 3 usual parameters characterising the behaviour of second 
order models have been derived (Al-Dabass et al 1999-a) based on information available from 
the systems time trajectory. Leaving the 2nd order model in its 2nd time derivative form and 
using 3 points on the trajectory, each providing position, velocity and acceleration, a set of 3 
simultaneous algebraic equations were solved to yield estimates of input, natural frequency 
and damping ratio. An online dynamical algorithm was then configured to combine estimates 
of the trajectory time derivatives with these explicit static non-linear functions to provide 
continuous parameter estimation in real time. 
 
Multipoint Algorithms: Several algorithms are easily derived to estimate values of causal 
parameters using as many points from the trajectory as necessary to form a set of 
simultaneous algebraic equations. The parameters to be estimated form the unknown variables 
and the trajectory values and their time derivatives form the constant parameters of these 
equations, (Al-Dabass et al, 1999-b, 2002-a & 2002-b).     
 
Algorithm 1: Three-Points in x, x' and x''. Consider estimating ω, ζ and u using three sets of x, 
x' and x'':  
 
 ω−2 x1'' + 2. ζ.ω−1.x1' + x1 = u        (18)    
 ω−2 x2'' + 2. ζ.ω−1.x2' + x2 = u        (19) 
 ω−2 x3'' + 2. ζ.ω−1.x3' + x3 = u        (20) 
 
Subtracting (19) from (18) and (20) from (18) gives: 
  
 ω−2.(  x1'' -  x2'' ) + 2. ζ.ω−1.( x1' - x2' ) + ( x1-x2 ) = 0     (21) 
ω−2.(  x1'' -  x3'' ) + 2. ζ.ω−1.( x1' - x3' ) + ( x1 - x3 ) = 0     (22) 
 
Divide (21) by ( x1' - x2' ) and (22) by ( x1' - x3' ) gives: 
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ω−2.(  x1'' -  x2'' ) / ( x1' - x2' )  + 2. ζ.ω−1 + ( x1 - x2 ) /( x1'  - x2' ) = 0   (23) 
ω−2.(  x1'' -  x3'' ) / ( x1' - x3' )  + 2. ζ.ω−1 + ( x1 - x3 ) /( x1' - x3' ) = 0   (24) 
 
and subtracting gives: 
 
 ω−2.[( x1'' -  x2'') / ( x1' - x2') - (x1'' -  x3'') / (x1' - x3')] +   
[(x1 - x2) / ( x1' - x2') - (x1 - x3) / (x1' - x3')=0      (24-A) 
 
Using the following notations: 
 
∆12 = (x1- x2),     ∆'12 = ( x1' - x2'),    ∆''12 = ( x1'' -  x2'')     
∆13 = (x1 - x3),   ∆'13 = ( x1' - x3'),     ∆''13 = ( x1'' -  x3'') 
 
we get expressions for estimated ω,  estimated ζ, using (21), and estimated u:  
 
Εω2 = [∆''13.∆'12 − ∆''12.∆'13] / [∆12.∆'13 − ∆13.∆'12] 
Εζ = [-Eω−2.∆''12 −∆12 ] / [2. Εω−1. ∆'12] 
Eu = Eω−2. x1'' + 2. Εζ.. Eω−1 . x1' + x1 
 
 
Algorithm 2: Two-Points and One Extra Derivative. Consider using two sets of x, x', x'' and 
x'''. 
 
ω−2 x1'' + 2. ζ.ω−1.x1' + x1 = u        (25)    
ω−2 x2'' + 2. ζ.ω−1.x2' + x2 = u        (26) 
 
Subtracting (26) from (25) and dividing by (x1' - x2'): 
 
ω−2.(  x1'' -  x2'' ) / ( x1' - x2' )  + 2. ζ.ω−1 + ( x1 - x2 ) /( x1'  - x2' ) = 0   (27) 
 
Differentiating (27) with respect to t gives: 
[ω−2[( x1' - x2' ). (  x1''' -  x2''' )]-  (  x1'' -  x2'' )2]/( x1' - x2` )2  + 0 + [( x1' - x2' )2 - ( x1 - x2 ).  (  x1'' 
-  x2')] /( x1' - x2' )  = 0           
           (28) 
 
Using the following notations: 
 
 ∆12 = (x1 - x2),   ∆'12 = ( x1' - x2'),   
 ∆''12 = ( x1'' -  x2'') and   ∆'''12 = ( x1''' -  x2''')   
 
We get expressions for estimated ω, estimated ζ, using (27), and estimated u: 
 
Εω2 =  [(∆'12). ( ∆'''12 ) -  ( ∆''12 )2]/ [(∆'12  )2  - ∆12 . ∆''12] 
Εζ = [-Eω−2.∆''12/∆'12 - ∆12 /∆'12 ] / [2. Eω−1 ]   
Eu = Eω−2. x1'' + 2. Εζ.. Eω−1 . x1' + x1 
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Single Point Algorithms 
 
In this section we relax the constant parameter condition by assuming a linear time variation, 
i.e. constant first derivative but zero second and higher time derivatives of parameters. As 
may be expected, more information is needed for this new case, which is to be extracted from 
the system output trajectory by obtaining higher time derivatives. Explicit functions of the 
parameters are still possible as well as those of their first time derivatives. A set of 3 
equations, one for each parameter, is formulated and numerically computed in real time 
together with the state estimation vector observer to yield continuous trajectories of the 
parameters. This is a different technique to that of augmenting the state derivative vector with 
the parameter derivatives,- instead of driving these derivatives with some function of the error 
between the system and model output, we provide an explicit function that should aid 
successful and speedy convergence to actual parameter values and provide continuous 
tracking. This should hold even when the parameters are changing rapidly compared to the 
system's natural frequency or time constant.  
 
These are classified according to the order of the parameter variation used in the derivation, 
i.e. constant, first order polynomial  (constant u' but u''=0), 2nd order polynomial (constant u'' 
but u'''=0) etc . 
 
Algorithm 3: Constant Parameters. Consider using the 1st to 4th time derivatives at a single 
point. Given the second order system: 
 
ω−2 x'' + 2. ζ.ω−1.x' + x = u        (29) 
 
Differentiate with respect to t and divide by x'': 
 
ω−2 x'''/ x'' + 2. ζ.ω−1 + x'/ x'' = 0       (30) 
 
and differentiate with respect to t again to give: 
 
ω−2.[(x''. x'''' - x'''2) / x''2] + 0 + [(x''2 – x'. x''') / x''2]  =0     
 (4-15) 
 
We get expressions for estimated ω, estimated ζ, using (3-14), and estimated u: 
 
Εω2 = [x''. x'''' - x'''2] / [x'. x''' - x''2] 
Εζ = -[Eω−2 x''' + x'] / [2. Eω−1.x''] 
Eu = Eω−2. x'' + 2. Εζ. Eω−1 . x' + x 
 
Algorithm 4: First Order Parameters. Let the first time derivative of u to be non zero. For 
simplicity assume that both a and b (the coefficients of x'' and x' to make symbol 
manipulation easier) to be constant and hence disappear on first differentiation. The extra 
information needed for u' to be non zero is extracted from the 5th time derivative of the 
trajectory.  
 
a.x'' + b.x' + x = u         (31) 
 
Differentiate wrt to t and assume u' is non zero to give: 
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a.x''' + b.x'' + x' = u'         (32) 
 
Differentiate again and set u'' = 0 gives: 
 
a.x'''' + b.x''' + x'' = 0         (33) 
 
Divide by x''' to isolate b:  
  
a.x''''/x''' + b + x''/x''' = 0        (34) 
 
Differentiate again to eliminate b: 
 
a.(x'''''.x'' - x''''2 )/x'''2   +  (x'''2  -  x'' . x'''')/x'''2  = 0     (35) 
 
Re-arranging for a gives: 
 
a = (x'' . x'''' - x'''2 )/(x''''' . x''' - x''''2 )       (36) 
 
Solve for b by substituting a from equation 36 into equation 34: 
 
b = -x''/x''' - a.x''''/x''' 
 
Substituting for a and manipulating gives: 
 
b = (x''.x''''' - x'''.x'''')/(x'''''2  - x''' . x''''')       (37) 
 
We can now substitute these values for a and b into equation 31 to solve for u, 
 
u = a.x'' + b.x' + x 
 
Results and Discussion 
 
Algorithm 3 using Constant Parameters: This algorithm uses a single time point but two 
further time derivatives compared to Algorithm-1. The filter cascade is increased by one again 
to provide a continuous estimate of the 4th time derivative x''''. The separation problem 
disappears altogether now to provide a continuous estimate of all parameters at each point on 
the trajectory. Program 3 [Al-Dabass et al, 1999-a] was run and the result of the estimation 
shows fast and accurate convergence.  
 
Discussion. Estimated values for constants parameters were close to the desired set values. 
The derived algorithms estimated ω, ζ and u for a good range of values: ω from 1 to10, ζ 
between +/- (0.01 to 1), and u between +/- (0.5-40), and gave accurate estimates. Estimation 
errors decreased as ω  increased, particularly for small ζ (less than 0.5): where oscillation 
provided wide variation in the variables to decrease errors. The differences between the 
(simulated) system time derivatives (x, x' and x'') and their estimates from the filter cascade 
depended on G (the cut-off frequency): high G provided more accurate estimation of 
derivatives but made the algorithms prone to noise and vice versa. Another disadvantage of 
high G from the simulation point of view is that simulation time increased considerably due to 
the integration routine adapting to ever smaller steps. The algorithms provided progressively 
faster convergence with Algorithm-3 being the fastest to converge. 
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Results: Further results to those shown earlier are obtained to test the case when one or two 
of the input causal parameters were changing. Figure 13 shows the results when u is changing 
and the result of tracking it using algorithms 3 and 4,- algorithm 3 results showing  large 
oscillations while those for algorithm 4 show much smoother tracking. Figure 14 shows the 
results of both algorithms tracking the other input ω. Again algorithm 4 is producing a far 
smoother estimate than the large oscillatory output of algorithm 3. 
 
Comments: For a given range of parameters the algorithms worked well, being able to 
estimate the two causal parameters u and omega with their temporal behaviour, i.e. track them 
while they are changing. The 1st order algorithm worked better than the constant one, Figure 
13 shows a comparison of the two algorithms tracking omega. Algorithms of higher order 
than 1st showed marginal improvement but in certain cases showed a deteriorating behaviour, 
Figure 14 shows a 3rd order algorithm deviating quite markedly from the true trajectory 
compared to a 1st order algorithm. This is likely to be due to an accumulation of errors in 
higher derivative values used in the former algorithm.  
 

  

Figure 13. The u causal parameter (smooth trace) 
being tracked using algorithm-3 (top sinusoid-like 
trace) and algorithm-4 (gentle wavy immediately 
below u trace). The black trace is the node output 
trajectory.  

Figure 14. The ω causal parameter (smooth trace) 
being tracked using algorithm-3 (top jagged trace) and 
the new algorithm (entwined with ω trace). The 
bottom trace is the node output trajectory. 

 
 
KNOWLEDGE MINING FOR ECONOMIC SIGNAL PROCESSING 
APPLICATIONS 
 
A special sixth order dynamical model is proposed to simulate the behaviour of complex 
signals. The model consists of a two layer hierarchy of second order dynamics two of whose 
parameters are themselves second order. Given the trajectory of the actual complex signal, a 
recurrent hybrid algorithm is derived to estimate the parameters of the model. Results show 
good performance of the algorithm in tracking the model parameters online. Suggestions for 
future directions are given 
 
The algorithms derived earlier combine estimates of a given trajectory time derivatives, using 
data from several points on the trajectory, with explicit static non-linear functions to provide 
continuous parameter estimation in real time. For time varying parameters, the time 
separation between the points on the trajectory directly influences the estimation accuracy. 
This due to the assumption of constant parameters used in the derivation is no longer valid, 
and accuracy deteriorates with increasing rate of parameter variation. This is termed the 
separation effect, which can only be eliminated if all data is obtained from a single time point. 
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An algorithm was derived and proved, as expected, to be the most successful in coping with 
high rates of parameter variation. Accurate tracking of parameters when two of the parameters 
were varying simultaneously still proved difficult. The constant parameters assumption in the 
derivation is seen as the fundamental cause here. 
 
 
Sixth Order Models Of Compound Signals  
 
Hierarchical Second Order Models: The signal trajectory is more complicated than can be 
represented by a simple second order differential model. In this case each parameter may 
itself be modelled as having dynamics, which may or may not be oscillatory. One such case is 
where two of the 3 parameters have 2nd order characteristics, as shown in Figure 15. 

 

Figure 15. Hybrid integral-recurrent net model of a 
2nd order system. 

Figure 16. Two of the input parameters of the signal 
are time varying and modelled with 2nd order 
dynamics. 

 
 
The 2nd order model of a node in a given layer in the hierarchy is given by: 
 
ω−2 x'' + 2. ζ.ω−1.x' + x = u 
 
To model complicated signals let both u and omega have their own 2nd order dynamics. The 
input u is the output of the following 2nd order system: 
 
ωu

−2 u'' + 2. ζu . ωu
−1.u' + u = uu 

 
The natural frequency ω is the output of the following 2nd order system: 
 
ωω

−2 ω'' + 2. ζω . ωω
−1.ω' + ω = uω 

 
Thus the behaviour trajectory is generated by the following 6th order vector differential 
equation (using Runge Kutta in Mathcad for this example), see Figure 17. 
 



 17

D t x,( )

x2

x5 x5
. x3

. 2 z. x5
. x2

. x5 x5
. x1

.

x4

wu wu. uu.( ) 2 zu. wu. x4
. wu wu. x3

.

x6

ww ww. uw.( ) 2 zw. ww. x6
. ww ww. x5

.
  

 
Figure 17. Simulation vector of a 6th order trajectory 
(top 2 rows) with u (rows 3 and 4) and omega (rows 5 
and 6) of  the signal having 2nd order dynamics. 

 
Figure 18. Simulated trajectory of a complex 
signal of a sixth (oscillating trace), with 2 
variable inputs: u (top) and omega (bottom). 

 
Where x1 and x2 represent the x and x', x3 and x4 represent u and u', and x5 and x6 represent 
ω and ω' respectively. To generate the trajectory shown in Figure 18, the following values 
were used: for the u subsystem, u started from 0 aiming at uu=1 at a rate of  ωu = 5 rad/s with 
ζu = 0.3. For the ω subsystem, ω started from 4 rad/s aiming at uω = 32 rad/s at a rate of ωω = 4 
rad/s with ζω = 0.1. The resulting compound trajectory of x (red), together with the trajectories 
for u (blue dotted) and ω (green dotted) are shown in the graph below. 
 
 
Results and Discussion 
 
Mathcad routines were set up to generate the input u as second order system with its own 
parameters of natural frequency, damping ratio and input. The input subsystem damping ratio 
was set to 0.05 to generate an oscillatory behaviour for long enough to test the parameter 
tracking algorithm thoroughly. The frequency of the input was set to 10 radians per second; 
the frequency of the main signal, on the other hand, started from 20 and aimed at 80 with a 
peak of about 130 radians. The derivative generation cascade was increased by one to produce 
the fifth time derivative.  
 
Tracking Two Parameters: For a given range of parameters the algorithm worked well, being 
able to estimate the two input parameters u and omega with their time varying behaviour, i.e. 
track them while they are changing. The 1st order algorithm worked better than the constant 
one, Figure 19 shows a comparison of the two algorithms tracking omega. Algorithms of 
higher order than 1st showed marginal improvement but in certain cases showed a 
deteriorating behaviour, Figure 20 shows a 3rd order algorithm deviating quite markedly from 
the true trajectory compared to a 1st order algorithm. This is likely to be due to an 
accumulation of errors in higher derivative values used in the former algorithm.  
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Figure 19. Estimated Omega assuming constant 
parameters (Ew, very jagged trace) and first order 
parameters (Ew1, jagged trace) compared to actual 
(smooth trace). 

 

Figure 20. Deterioration of accuracy of estimated Omega 
with higher order algorithms: 3rd order estimate (Ew3, 
very jagged trace) is worse than 1st order estimate (Ew1, 
jagged), actual (smooth). 

 
CONCLUSIONS 
 
A model for hybrid logic nets was put forward to model the complex behaviour of economic 
systems. To estimate the values of the causal parameters a number of parameter knowledge 
mining algorithms were presented. Two of the algorithms used multiple points from the 
trajectory, 3 for the first algorithm and 2 points for the second. Two single point algorithms 
were presented: one that assumed constant parameters and used higher time derivatives of the 
trajectory (up to 4th), and a second algorithm that used additional information from a 5th time 
derivative of the trajectory to allow one of the parameters, the input parameter u, to have a 
non zero first order time derivative.  
 
The fourth algorithm was tested for its ability to track the input parameter for a reduced order 
model. The test involved the generation of a lightly damped second order recurrent net. The 
results showed the algorithm maintaining good tracking over an extended period of time. This 
algorithm proved to be far superior to the third algorithm which relied on the assumption of 
constant input in the derivation. 
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